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Abstract. We collect some properties of the motivic zeta functions and the 
motivic nearby fiber defined by Denef and Loeser. In particular, we calculate 
the relative dual of the motivic nearby fiber. We give a candidate for a nearby 
cycle morphism on the level of Grothendieck groups of varieties using the 
motivic nearby fiber. 



1. Introduction 

Let k be an algebraically closed field of characteristic zero. One parameter Taylor 
series of length n in a smooth variety X over k are called arcs of order n on X. 
The set of all these arcs are the fc-valued points of a fc-variety £„(X). 

Suppose that we are given a function / : X — > on a smooth connected variety 
X of dimension d. Denef and Loeser have associated to this data the so-called 
motivic zeta function S{f)(T), which is a formal power series with coefficients in a 
localized equivariant Grothendieck group of varieties over the zero locus of /. The 
n-th coefficient of this series (for n > 1) is given as L~"'^ times the class of the variety 
of arcs j{t) of order n on X satisfying fo^{t) = t", which carries a yLt„-action induced 
by t ^ C,t. Here L denotes the class of the affine line. Using the transformation rule 
for motivic integrals, they have given a formula for S{f) (T) in terms of an embedded 
resolution of the zero locus, which shows that it is in fact a rational function which 
is regular at infinity. Let us denote —S{f){oo), the motivic nearby fiber, by ipf, 
as it is supposed to be a virtual motivic incarnation of the nearby cycle sheaf. 
We establish some identities for the motivic nearby fiber which are analogues of 
identities known for the nearby cycle sheaf. In particular, we calculate the relative 
dual over the zero locus of /. It turns out to be L-^~'^i/)/, which means that ijjf 
behaves as the class of a smooth variety, proper over the zero locus. Furthermore 
we give a functional equation for the motivic zeta function. Unfortunately, to be 
able to define e.g. a relative dual, we have to work in Grothendieck groups which 
are coarser than the ones considered by Denef and Loeser. 

For the purpose of investigating the zeta function and the nearby fiber, we first 
have to generalize slightly the presentations from in the equivariant setting. 
Essentially, we also allow free actions on the base varieties. Then we calculate the 
relative dual of an affine toric variety given by a simplicial cone which is proper 
over the base variety. 

Using the motivic nearby fiber, we end with defining a nearby cycle morphism 
on the level of Grothendieck groups of varieties and listing some properties of this 
morphism. 



1991 Mathematics Subject Classification. 14F42, 32S30. 

Key words and phrases. Motivic zeta function, motivic nearby fiber. 

1 



2 



FRANZISKA BITTNER, 



I am indebted to Eduard Looijenga, my thesis advisor. I thank Jan Denef and 
Wim Veys for their comments and questions. 

Conventions: In the sequel k denotes an algebraically closed field of characteristic 
zero. By a variety over k we mean a reduced scheme of finite type over k. 

2. MOTIVIC ZETA FUNCTIONS AND THE MOTIVIC NEARBY FIBER 

The aim of this section is to recall the definition and properties of motivic zeta 
functions and the motivic nearby fiber as they can be found e.g. in 3' and in 0. 
We also use this opportunity to fix some notations. 

2.1. Arc spaces. We denote Spec(/c[i]/t"+^) by D„. An order n arc in a fc-variety 
A is a morphism 7 : D,i — > X. There is a fc-scheme £„(A), the space of arcs 
of order n in A, whose /c- valued points are the arcs of order n on A. Actually, 
it is the scheme representing the functor from A:-schemes to sets which sends Z to 
X{Z X Bn). There are natural projections £„+i(A) — > Cn{X) which are A'^""^- 
bundles in case A is smooth and equidimensional. 

2.2. Grothendieck groups of varieties. We denote by Ko( Varfc) the free abelian 
group on isomorphism classes of fc-varieties modulo the relations [A] = [A— + 
where y C A is a closed subvariety. It is also called the naive Grothendieck 
group of varieties over k and carries a ring structure induced by the product of 
varieties. More generally, for a variety S over fc, we denote by Ko(Var5) the free 
abelian group on isomorphism classes [A] 5 of varieties over S modulo the relations 
[A] 5 = [A — F]s + [yjs, where F C A is a closed subvariety. It is naturally a 
Ko( Varfc)-module. We denote by L the class of the affine line [A-^] e Ko( Varfc). 
Let Ms be the localization Ko( yars)[L~^] and Mk the ring Ko( yarfc)[L~^]. A 
morphism / : S — > S' naturally induces f\ : Ms — > Ms' by composition and 
/* : Ms' — * A^s by pulling back. The presentation for Ko( Varg) given in ^ 
allows to define a relative dualization endomorphism 2?5 on Ms characterized by 
the property 2?s [A] 5 = ^™ ^ [X]s for a smooth equidimensional variety A which 
is proper over S. 

Let S* be a variety over k with a good action of a finite group G. Here by a 
good action we mean an action such that every orbit is contained in an affine open 
subvariety. By K'[^(Var5') we denote the free group on isomorphism classes [AJ^ 
of varieties A — > S with a good G-action over the action on S modulo relations 
for closed G-subvarieties. It has the structure of a K'[^( Varfe)-module provided by 
the product of varieties with the diagonal action. 

We define }<.Q{Vars) to be K'[^(Var5) modulo the submodule generated as a 
group by expressions of the form [G O P(V^)]s - [P" x (G O A)]s, where V — > X 
is a vector bundle of rank n + 1 with a G-action which is linear over the ac- 
tion on A. Here G O P(F) denotes the projectivization of this action, whereas 
P" X (G O A) denotes the action of G on the right factor only. For S = Spec k this 
is an ideal, and K^( Vars) is a K^( Varfe)-module. For an A"-bundlc F — > A with 
an affine G-action over the action on the base we have [G O F]s — [A" x (G O A)]5 
in K^(Var5). We obtain restriction and induction morphisms from group ho- 
momorphisms. In particular, K^(Vars) is a Kg ( Var^ )-module. Denote by Mg 
the localization Kq { Vars)\h~^]. An equivariant morphism / : S — > S' induces 
f\ : Mg — > M% and /* : Mg, — > Mg. In case of a trivial action of G on the 
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base variety, the presentation in 1 allows to define a relative dualization endo- 
morphisni Vs on characterized by the property 2?s[X]5 = L^'^™^[X]5 for a 
smooth equidiniensional variety X which is proper over S. 

Now let fl — lim/im (where in the projective limit we take the natural surjections 
fJ-dm — MmiC C^)- Following j^j , we call an action of fi which comes from a 
good action of a finite quotient /i„ of /i a good (1-action. 

As in the case of a finite group for a base variety S (with a trivial /i-action) 
we can then define the equivariant group Kg (Var^). Actually, it is just the direct 
limit lim Kq" ( Vars), where KQ"^{Vars) — » Kq'^'" {Vars) is restriction along the 

d-th power map fidm — > Mm- We denote Kq ( Vars)[L^^] by Mg. 

Remark 2.1. The equivariant groups which Denef and Loeser consider are finer. 
The groups we use allow us to define dualization, induction morphisms, quotient 
morphisms by groups acting freely on the base variety and zeta-functions in an 
equivariant setting. 

2.3. Motivic zeta functions. Let X be a smooth connected variety over k of 
dimension d, let f : X — > be a function. For a natural number n > we define 

Snif) := L-^-^Kt G Cn{X) I ordt(/7) = n}]x G Mx- 
Remark 2.2. Sometimes, for example in |2j, there is an extra factor L^*^. 

Following Denef and Loeser, we define the naive motivic zeta function of f as 

SifKT) :=^5„(/)r"e Alx[[T]]. 

n>0 

Remark 2.3. Sometimes (for example in 0) the constant term So{f) is omitted. 
We keep it, like in |21 and 0. 

Denef and Loeser established a formula for S{f){T) in terms of an embedded 
resolution H : Y — > X of /~^(0). Let us assume that / is non-zero. Let E = 
{fH)~^{0) be a simple normal crossings divisor with irreducible components Ei 
(where i € iTv{E)). The zero divisor of fH can then be written as '^ruiEi, and 
the Jacobian ideal J^h of H (which is the principal ideal of Oy characterized by 
H*flx = Jh^y) can be expressed as J2i''^i ~ where > 0. For / C irr(i?) 

we define Ej as the intersection Hie/ ^« ^^'^ ~ Uj^/ -^j (f^'' -/^ = wc get 

Egi=Y and E^ = Y - E). 

Proposition 2.4. We have the identity 

sum- E [^?]^n r-n!:L».-i - 

/Cirr(_E) ie/ 

mMx[[T]]. 

In particular, S{f) lies in Mx[{T-^U'' - 1)"^ | n,iV G N>o]. 

The motivic zeta function also carries information about the monodromy. 

Again, let X be a smooth connected variety of dimension d over fc, 
and lei f : X — > be a function on X. We will always denote the zero set 
of / by Xq. For a natural number n > 1 we define 



5„(/) := L-"'^[{7 G Cn{X) I /7(t) = e]]x, G M^x 
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Here the /i-action is induced by the /x„-action on D„ given by i i— > (^t. 
Following Denef and Loeser, we define the motivic zeta function of f as 

n>l 

There is also a formula for S{f){T) in terms of an embedded resolution of Xq 
(for non-zero /): Let Y, rii, and be like above. For / C irr(£') we denote 
the greatest common divisor {mi)i^j by mj. For a point in E] in a neighborhood 
[/ the function fH can be written as u Hig/ 2;™' 1 where u is a unit and 
local (analytic) coordinate defining Ei. We define Ej as the /im^ -covering of Ej 
given over U r\ E°j by {(z,p) e A} ^ U r\ E°j \ z^' = u(p)"^}. These patch to a 
/^m/-covering of E°i : If = 77^2;^ are other local (analytic) coordinates with 77^ units, 
and / is written as v Hie/ vT^ 1 then u ~ v Hie/ '^I"' ^^"^ 

{(z,p) e X t/ n I z™^ = w(p)"^} = {(z,p) G A^ X c/ n | z"" ^ w(p)"^} 

via (z,p) h-> (n,g/»yr^'-P Where a, := 

The J- -operation on E'j induces a good /i-action over Ej. 

There is also an intrinsic description of these coverings, compare also jZj, Lemma 
5.3 and 4 , Lemma 2.5: 

Denote by i>Ei the normal bundle of Ei in denote the complement of the zero 
section by and the fiber product of the restrictions of the {UEi)iei over Ej by 
Uj. As fH is a section of OyiJ^iei it induces a morphism 

iei 

The composition of this map with the morphism Ilie/'^Bils? — * ^iei ^eT^^Iej 
which sends {vi) to Owf"™' restricted to Uj induces Uj — > Gm- 

Let us spell this out in the analytic coordinates used above: An element of the 
fiber of Ui over p given by {\i-^)i£i is mapped to u{p) Y[^T' (where Xi G Gm)- 

Define Ui{l) as the preimage of 1 under the morphism Ui — > Gm- Denote 
X^ie/ Then ft acts on Ui{l) via the scalar action of /icj- 

We get a /t-equivariant mapping Ui{l) — > Ej, where in the local coordinates 
the z-coordinate is given as 

(2.1) 

iei 

(note that this is well defined, as for different coordinates yi = rjiXi with rji a unit 
we have = 77,-^ on Ei). 

As the ai are relatively prime, the vector (a^) can be completed by |/| — 1 more 
vectors to a basis of Z^, so we conclude that [//(I) — > Ej is a torus bundle with 
fiber Gm' ^, which in turn establishes Ej — > Ej as the covering obtained from 
C//(l) — > Ej by passing (fiber- wise) to connected components. 

Remark 2.5. Note that for the zero function / = we get 5(0)(T) = £ A^^[[T]]. 
If on the other hand / is a unit, Xq = and consequently Mxq =0. 

Denef and Loeser prove the 
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Theorem 2.6. We have the identity 

In particular, S{f) lies in 7W^J(r-^L" - 1)-^ \n,N £ N>o] and can hence by 

evaluated at T = cx). Following Denef and Loeser, we call ipf := —S{f ){oo) G A^Xo 
the motivic nearby fiber of f. In terms of an embedded resolution of Xq it is given 

by 

(2.2) V/= E 

0#/Cirr(£;) 

Remark 2.7. Note that if tt : y — > X is an isomorphism outside Xq, we have 
tpf = (7ro)!'!/'/7ri where ttq denotes the morphism Yq — > Xq between the zero loci of 
fn and /. 

3. Relative equivariant Grothendieck groups of varieties 

In this section we collect some properties of relative equivariant Grothendieck 
groups of varieties. 

Remark 3.1. Suppose that V — > S* is a vector bundle of rank n -\- 1 which carries 
a linear G-action over the action on S. Denote P{V) — > S by i^. Then the 
endomorphism mj/* ofK^{Vars) is multiplication with [P"]. 

The presentation for Kq (Vars) given in in case of a trivial G-action on the 
base variety S can be generalized slightly. 

Lemma 3.2. Suppose we are given a good G x H-action on a variety S , such that 
G acts trivially and H acts freely. Then the morphism 

which maps {X]s to [H\X]h\s is o, K' q {Vark)- linear isomorphism. Furthermore 
it induces a (Vark) -linear isomorphism 

K^^'^iVars) ^K^{VarH\s). 

Proof. The K'[^ ( Var^; )-linearity is quite clear. Suppose we are given a variety 
X — > S with a good G x i7-action over the action on S. Then the G x H- 
equivariant mapping X — > H\X X/f\5 S" is an isomorphism (as both are etale of 
the same degree over H\X). Hence pulling back along S — > H\S is an inverse for 

K'^''"iVars)^K'^{VarH\s). 

A vector bundle V — > X with a linear G x i/-action over a good action on X 
descends to the vector bundle H\V over H\X . And as P{H\V) = H\P{V) in this 
case, the above morphism induces an isomorphism K^^^ (Vars) — > Kq (Varj^^g) 
which is obviously K^( Varfe)-linear. □ 



Remark 3.3. Applied to the case that G is the trivial group this yields K'q (Vars) = 



KQ{Vars) for a free good i/-action on S. 
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Remark 3.4. The morphism 'Kq^^ {Var s) — > K^( Var/^^^s) induces an A^^-linear 
morphism 

which we will sometimes denote hy A A. 

For convenience we spell out the presentations for K'|^^^( Vars) and K[^^^( Vars) 
we obtain from the above lemma. 

Corollary 3.5. Suppose that we are given a good G x H-action on S such that G 
acts trivially and H acts freely on S. The group K'[f Varg) has a presentation 
as the abelian group generated by the isomorphism classes of S -varieties with good 
G X H-action over S which are smooth over k and proper over S subject to the 
relations [0]5 = and [Bly X]s — [E]s = [X]s — [Y]s, where X is smooth over 
k and proper over S and carries a good G x H-action over S, Y C X is a closed 
smooth G X H -invariant subvariety, Bly X is the blow-up of X along Y and E is the 
exceptional divisor of this blow-up. Moreover, we get the same group if we restrict 
to varieties which are projective over S . We can also restrict to varieties such that 
G X H acts transitively on the connected components. 

Corollary 3.6. The group ¥l.'^^^ (Vars) is the free abelian group on smooth vari- 
eties, projective (respectively, proper) over S with good G x H-action over S (tran- 
sitive on the connected components), modulo blow-up relations and the subgroup 
generated by expressions of the form [G x H O P{V)]s - [P" x (G x iJ O X)]s, 
where X is a smooth variety, projective over S, with a G x H-action transitive on 
the connected components, and V — > X is a vector bundle of rank n + 1 over X 
with a linear action over the action on X. 

Corollary 3.7. We can define the duality endomorphism V^^^ on M.g'^^ as 
in |T) and get the same formulae as developed there. Dualizing commutes with 
restriction and induction and with the morphism induced by dividing out the free 
H-action. 

Remark 3.8. We have not used that k is algebraically closed here. 

Instead of finite groups, we will also consider fi and finite products of fi with 
itself and with finite groups: 

For a natural number I, we define a good fJ -action to be an action coming from a 
good (/^„)'-action. For a finite group G, we can also consider G x /t'-actions, which 

we call good if they come from a good G x (/u„)'-action. We define K'g {Vars), 

K'^""^ (Vars) and (Vars), K^""^ (Vars) as above. As they are direct limits of 
groups of the kind considered above, we get analogous presentations. We only spell 
out one. 

Corollary 3.9. Suppose G and H are finite groups, and I G N. Suppose that 
S carries a good G x H x jj" action, such that H acts freely and G and /t' acts 
trivially. Then the group x^^^^'"' [Vars) is the free abelian group on smooth 
varieties, projective (respectively, proper) over S with (good) G x H x jJ" -action 
over S (transitive on the connected components), modulo blow-up relations and the 
subgroup generated by expressions of the form [G x H x fi^ O F{V)]s — [P" x (G x 
H X fj) O X)]s, where X is a smooth variety, projective over S, with a G x H x fr- 
action transitive on the connected components, and V > X is a vector bundle of 

rank n + 1 over X with a linear action over the action on X . 
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Remark 3.10. As above, dividing out by H induces an M.'^^'^ -linear niorphism 

which we will also denote hy A ^ A. 

Furthermore we also get a duality endomorphism p^^^^'^ of Jvl'^^^^'^ which 
satisfies the same relations as developed above. 

4. The relative dual of an affine simplicial toric variety 

The aim of this section is the following 

Lemma 4.1. Let X he an affine toric variety associated to a simplicial cone, let 
X — > S be proper, let G be a finite group acting on X over S via the torus, where 
S carries the trivial G-action. Then Vs[X]s = l.-^"''^[X]s € TWf . 

Corollary 4.2. // X is a toric variety associated to a simplicial fan, we have 
Vx[X]x=h-'''^''[X]x eMx- 

Proof. As for an open cover {Ui} of X the map A4x — > Ili -^Ui is injective and 
commutes with dualizing, we may assume that X is defined by a simplicial cone. □ 

Remark 4.3. Note that if X is complete, in particular Pfc[X] = h-'^'"'^[X] e M^. 

We need Lemma 14.71 on triangulations of simplices. It is probably well known 
and perhaps should be proven by means of toric geometry as it is derived from the 
Dehn-Sommerville equations which are the combinatorial counterpart of Poincare 
duality for toric varieties defined by complete simplicial fans. First an auxiliary 

Lemma 4.4. Er=o {lt]){t - 1)' = t" + • • ■ + 1. 
Proof. This follows from 

□ 

For convenience we recall the Dehn-Sommerville equations — see for example 
[S], page 126. 

Theorem 4.5 (Dehn-Sommerville equations). Suppose we are given a triangulation 
of an (m — l)-sphere with fi faces of dimension i. Let :— —1. For < p < m 
we set 

i—p \P/ 

Then 

hp — hm-p for < p < m. 

Suppose we are given a linear triangulation S of an n-simplcx A which refines 
the standard triangulation T. For a G S" we define cta to be the smallest simplex 
in T which contains a. We denote the dimension of a simplex a by \a\ and define 
the star of t in S by Star {t) — {a E S \ t C a}. 



8 



FRANZISKA BITTNER 



Lemma 4.6. For a fixed t E S consider the polynomial 

g^{t)= ^ (_i)kA|(i_i)k.|-kl. 

(TeStar®(T) 

Then gf{t~^) = t^^^~"-g^{t), in other words, is a polynomial of degree < n— |t| 
with symmetric coefficients. 

Proof. We proceed by induction on n — |ta|- 

Suppose ItaI = n. Then also IctaI = n for all a S Star'^(T), hence 

{-irg^it)= V (t-ir-H 



<TeStarS(r) 



= ^ Cfc(t-ir-'== ^ Cr,-i{t-iy, 
k=\T\ i=0 

where Ck denotes the number of fc-simplices in Star'^(T). Without loss of generality 
we may assume that that A c M" and that G r. Denote the subspace generated 
by T by Wr- The projection of Star'^(T) to M" /Wr generates a complete fan whose 
intersection with a sphere around the origin gives a triangulation with fi = Cj_|_|^|+i 
simplices of dimension i. If we set /_i = 1 we have fi = Ci+|^|+i for all —l<i< 
n — \t\ — 1. Hence 

n-\T\ 

i=0 

n— \t\ 



i=0 p=0 

n-\T\ n-\T\ 



The Dehn-Sommerville equations then imply that g^{t~^) = t^'^^~"'g^ (t). 

Now suppose k := \t^^\ < n. Then r is contained in a fc-dimensional face of A. 
Without loss of generality we can assume that A C K" is the simplex spanned by 
and the n standard basis vectors ei, . . . , e„, and that t is contained in the facet 
spanned by and ei, . . . , Cfc. Denote by H the hyperplane spanned by ei, . . . , e„_i. 
Denote the reflection at H by p. We get a new simplex A' = A U p{A) (spanned 
by ei, . . . ,e„_i,e„, — e„) with the linear triangulation S' = S Li p{S) refining the 
standard triangulation of A' such that |rA'| = |ta| + 1. 

The star of r in S' decomposes as 

Star'^'(T) = {aG Star^(r) \ a C H} 

U {(T e Star^(r) \a<^H}Up{ae Star'^(T) \a'^H}. 

For a € Star'^(r) such that a C H we get |aA'| = |o-a| + 1 and |cr/fnA| = |ca|, 
while for a € Star'^(T) such that a % H we have \(ta'\ = I^aI- Furthermore 
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(per) A' I = IcA'l, and hence 

gf{t)= (_i)kA|+i(^„ i)kA|-k|+i 

(TeStar^(r) 
(j<ZH 

creStar^(T) 

= 25f(t)-2.gf"^(t) + (l-t)5r^(i) 

By the induction hypothesis we have (i^^) = tl'^l^"^:^ (t) and ^^"■^(t^^) — 
^|T|-?i+i^Hns^^^^ Using the above equation we conclude g^{t^^) — il'^l^"^^ (i). □ 

Lemma 4.7. Consider the polynomial 

h^{t) := ^(-l)l'^^l(t - _ 

Then /iS(t^i) =t-("+i)/i^(i). 

Proof. The cone i? on S* is a hnear triangulation of an (n + l)-simplex. If r is the 
top, we have g^it) — ~h^{t). □ 

Proof of Proposition \4. 1\ Denote the fan defining X hyT. We proceed by induction 
on dimT. 

For dim T = the claim holds, because in this case X is smooth. 

Now suppose dimT > 1. Note that all toric constructions will be compatible 
with the action of G. In the sequel we will denote the dimension of a cone r by |r|. 
We have the orbit stratification X = Utst '^t' where Or is {k — |r|)-dimensional. 

Furthermore, if Vr denotes the closure of Or, we have the equation [Or]s = 
ErOr(-l)'"''"'''[K']sin K^iVars). 

We choose a toric resolution of singularities Y — > X. It is given by a certain 
simplicial refinement S of T and carries the orbit stratification Y = Llg-es ^<^' 

For (7 e S we denote by (p{(j) G T the smallest facet of T which contains a. 

Then Oa — > O^^r^) is a (trivial) G^i'^^'^^'~''"'^-bundle. As G acts via the torus, 
[0^]s = (L - l)(l'^('^)l-l"l)[0^(.)]s in ^oiVars). Thus 

iY]s-J2 E (L-l)'^'-'^'[0.]5 

tGT ^{(j)=t 

= E(E E (-l)l^l(L-l)l^l-l^l)(-l)l^'l[K']5 

= E (E E (-i)i^i(L-i)i^i-i"i)(-i)i^'i[K']s + ms 

|r'|>l 



10 



FRANZISKA BITTNER, 



For r' 6 T such that |r'| > 1 consider 

tCt' ip{a)=T 

tCt' i^(o-)=r 
\r\>l 

Now from Lemma k . 71 ( apphed to the intersection of r' with a transversal hyperplane 
and the triangulations induced by S and T) we know that p'^ (t^^) = ^ 'p^ (0- 
Furthermore Vr' is an afhne toric variety defined by a simphcial cone of dimension 
dimT — |r'|, hence for |t'| > 1 we deduce from the induction hypothesis that 

= L-(dimX-|r'|)[y^,]^^ Thus 

Vsms - [X]s) = L-'i™^([y]5 - [X]s), 
which completes the induction step. 

□ 

5. A COMPLETION 

Let / : X — > A"'^ be a non-zero function on a smooth connected variety X, let 

Y be an embedded resolution of Xq — /^^(O) and let Ej and Ej be as in Section|21 

Definition 5.1. Let ^ / C irr(i?). Define Ej as the normalization of Ej in Ej. 

Lemma 5.2. We have Ei\ej = Kj for I <Z J and VeAEi]ej = V\-'^'"'^[Ei]e, 
in (and in particular VxA^Axo = Ll-'"l"'^™^[i;/]xo in M^xJ- 

Proof. Both statements are local on the embedded resolution of Xq, hence we can 
assume that / = ux™^ • ■ • x^^ , with fc > 1 and mi > 0, where xi, . . . , Xfe, . . . , a;„ 
are local analytic coordinates, and / = {1, . . . , ^} C J = {1, . . . , Z'}, where 1 < Z < 

V < k. 

Adjoining an mi-th root of u we again get a firm-cover 

TT : y {(p, t) G X X I = u{p)} — > X 

with analytic coordinates yi = txi,y2 — X2,...,yn — Xn around {xi — 0} such 
that /tt = ■ • ■ y^^ . Here ^ G /imi acts on yi by multiplication with ^ and 
trivially on yj for j > 2. Shrinking X (outside {xi — 0}), we may assume that 
v = (yi,...,y„) : Y — > A" is etale. Denote {yi — ^ yi = 0} by Fj and 
Fi ~ Ui=/+i{yi = 0} by (these are the puUbacks of Ej and E°j to Y). Let 

fe 

F° {(s,g) G Ai X F°j \ = [] ^.-(9)""^ 

. Recall that 

fe 

E° = {(z,p) G Ai X I z™^ ^ z.(p) n 

and note that the puUback of to Fj is isomorphic to Ej via (2:,p, t) {t"^ z, (p, i)) 
(and that the same holds for Fj). Under this isomorphism the /i- action comes from 
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a /imj -action, where ( G /imj acts on s by multiplication with C, while ^ e /im^ acts 
on s by multiplication with ^ . 

Denote the normalization of Fj in Fj by Fj. Consider the following cartesian 
diagram: 

■K*Ei ^Wi 



Fi—^Ei 

As TT is smooth and Ej is normal, Tr*Ei is normal. Furthermore, it is finite and 
surjective over Fj and hence isomorphic to Fj. We conclude that Ei = iimAPi 
and similarly for Ej. Hence it suffices that Fj\p, = Fj for I Q J and that 

Now consider the etale morphism : Y — > A". We denote the coordinates of 
A" by . . . , Wr,, {wi = --- = wi=0}hy Dj, Dj - U,t,+i{^«j = 0} by D°. Let 

k 

D° := {(r,w) eA^ xD°j\ r"" = [| wj""'} 

3=1+1 

and denote the normalization of Dj in D'^ by Dj. Then we have again a cartesian 
diagram: 




Thus it suffices that Di\dj = Dj for / C J and X>d,[D/]dj = V^\-'^''''^^[Di]dj G 
^Mmi ^-j^g projection p : A" — > A*"' is smooth and Vp* — iJ'^'^p*!), we may 

assume without loss of generality that k ~ n. In this case the claim follows from 
Lemma 15.81 and Lemma 15.41 □ 

Lemma 5.3. The restriction of the normalization S of S := {s"^ = x^^ ■ ■ ■2:^''} C 
A"'^ X A'^ to {xi = 0} C A*^ is isomorphic to the normalization S' of S' := 
{s'*^ — x^2 ' ' '2^fc'°} C A"'^ X A'"'^"'^, where d! = {d,pi). The fid-o-ction on S which 
is given by C{s,xi, . . . ,Xk) — {C~^s,xi, . . . ,Xk) restricts to the action induced by 
C(s', X2, ■ ■ ■ ,Xk) — iC~'^ 1 ■ ■ ■ T^k)- In other words, it is given via the canonical 
surjection /i^ > fi^' . 

Proof. Let us first assume that the greatest common divisor {pi, . . . ,pk,d) equals 
1 or equivalently that S is irreducible. 

Let M be the lattice in R'' spanned by Z'' and by v := (^,...,^). Then 
S = Specfc[M+], where M+ = M n (M>o)''. The restriction to {xi = 0} is then 
given as Specfc[M{^], where Mi := {a G M\ai = 0} and 1/^+ = Mi n (M>o)'' 
(compare [H], page 16). 

But M' is generated by 62, ... , and v' :— (0, . . . , ^): 

First note that v' ^ jrv - ^ei G M' . 

On the other hand, if (Ai, . . . , Xk) + t'-v G M' , where Xi, /i G Z, then Ai ~ 0. 
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Write pi = fd' and d = ed' such that (e, /) = 1. As G Z also /i' = e Z 
and hence (Ai, . . . , Afc) + /if = (0, A2, . . . , Afc) + fi'v' lies in the Z- module generated 
by 62, . . . ,efe and v'. 

~ ~ jL -^- 

Hence indeed Sl^^^^Qj = S' . Note that s' = sd'x-^^'' , hence the /id-action 

on S' conies from the /id' -action induced by s' ^— > C' ^•s' via the homomorphism 
/irf — > ^d' which maps C to and the /ip^ -action comes from the /i^' -action via 

Now let us drop the assumption that c = (pi, . . . ,pk, d) equals 1. Note that 
c = (d',p2, • ■ ■ ,Pfc)- Let e ^ ^, q, ^ ^, e' ^ (e,gi). Note that e' = Let 
T be the normalization of T = {f^ = xf^ ■ ■ ■ xf^ } and T' the normalization of 
T' = {t'^ = x'i^ ■ ■ ■ xl'' }. They both carry a /ig-action as above. The mapping 

induces an isomorphism 

^idx''^f^s 

over A*^. The /i^-action on S corresponds to the action on Hd x^" T given by (left) 
multiplication on /id- 

Furthermore the mapping 

/id x^'T' ^ S', (77, t', x) ^ (yy-^i', x) 
induces an isomorphism 

fid x^^T' = S'. 

As 

{fid r)|{,,^o} = /id (r|{,,=o}) = T' 

this establishes S'|{a;j=o} — S' . 

Now let us calculate the action of Hd on fid x^" T' obtained from the action on 
fLd y.^" T and the corresponding action on S' . 

The action of jid is given by (left) multiplication on the first factor. It corresponds 
to the /irf-action on S' induced by C(s', X2^ ■ ■ ■ , Xk) = (C~^s', X2, ■ ■ ■ , Xk)- □ 

Lemma 5.4. Let pi, . . . ,pk, d he natural numbers, not necessarily relatively prime. 
Again denote by S the normalization of S :— {f^ — • • ■x^''} C x A*^. Then 

Pa'=([5]a'=) =IL"'[5W ^nM^/,'"'^'\ 

Here the fid-action is induced by ({t, xi, . . . , Xk) — {C^^t,xi, . . . ,Xk), and the 
fiq-action is given by the fid-action on S via fiq — > fid, ^ ^ . 

Proof. As dualization commutes with restriction, it is enough to prove the claim in 

If the greatest common divisor [pi , . . . ,pk,d) equals 1 , the claim follows directly 
from Lemma l4.ll 

The general case follows from the fact that dualizing commutes with induction 
as in the proof of Lemma 1^31 □ 
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6. The dual of the motivic nearby fiber and two functional 

equations 

Let X be a smooth connected variety of dimension d, let f : X — > be a 
(non-zero) function. 

Theorem 6.1. We have Vxoi^f = l^^^'^ipf in M'i^^. 

So ipf behaves hke a smooth (d — l)-dimensional variety, proper over Xq- 
Remark 6.2. Let J be a finite nonempty set. Then 

J2 (L- 1)1-^1"^ = [pi-^i-^]. 

0#/CJ 

Proof of Theorem \6.1\ According to Formula H2.2|l we have 

J2 (i-L)m-M^°ko- 

0#/Cirr(£;) 

Due to LemmalCT[g°]y„ = Ejd/(-1)'"''^''^'[^]xo> and hence 

^f= y: (i-l)|^i-i5:(-i)|^h^|[F,k 

05^/Cirr(£;) ,73/ 
0#JCirr(£;) 0#/C,7 

= E f-lV'^l'^fpl'^I'Mfjfzlv,, due to R.emarklO 

05^JCirr(B) 

Again using Lemma 15.21 we conclude that 

0#JCirr(£;) 

□ 

Recah that Proposition EH shows that S{f) lies in Mx[(T-"'U' - 1)-^ \n,me 
N>o]. 

Consider the ring Pfc := A^fc[r, T-\ (T'^L" - | n, m e N>o]. The duality 
involution on Aik can be extended to a ring involution of Pk by setting 'D^{T) = 

T-\ 

We set Vx ■= Mx ®m, Vk = Mx[T,T~\ {T~"'h'^ - \ n,m e N>o]. The 
duality involution Vx induces a I?^-linear involution T>^. 

Claim 6.3. The functional equation 'D^S{f) ~ h^'^S{f) holds in Px- 

Proof. This is much easier to see than the functional equation in ^ . The calculation 
given here can already been found there. 
Note that [E°j]x = Ejd/(-1)'-^'"'^' 

Furthermore for a finite collection of elements {ai)i^L in a commutative ring the 

identity UieM " 1) = Ekcl(-I)"''""" UkeK holds. 
This together with Proposition 12 .41 vields 



S{f)^ E \Ej]xX{B,, 

JCirr(_E) JGJ 
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where Bj = " 1 = ^=^^]JJ^- Now note that V^iBj) = h-^B, and 

that Vx[Ej]x = Ll-'l-'*[£;j]x. □ 
Theorem 12.61 and Lemma 15.21 yield 

S'ifW) := (L - l)S{f)iT) + J2 (-l)''"[^/]^o 

0^JCirr(_E) 
0#JCirr(B) /CJ ie/ 

and as in the proof of Claim 1^31 we conclude that 

P$„5'(/) = L-^'5'(/) 
in A^^^jT,T-i, (r-'"L" - 1)^1 | n, m G N>o], where X>^„(r) = T-\ 
7. Some properties of motivic zeta functions and the motivic nearby 

FIBER 

Let again X be smooth connected variety over k and / : X — > a function 
on X. We denote the zero locus of / by Xq. 

Definition 7.1. For a morphism tt : X' — > X of varieties we will denote the zero 
locus of /tt by Xq and the induced morphism Xq — > Xq by ttq. 

We collect some properties of the motivic zeta function and the motivic nearby 
fiber. For this purpose we first introduce a notation. 

Definition 7.2. Let to > 1 be a natural number. Let X be a variety with good 
/t-action. Then we denote by Ind*-™-' : Mx — ^ -^x ^^'^ morphism induced by 
Ind^^"" , where /!„ — > i-inm is the inclusion C > ^. 

List of properties 7.3. Suppose u : X — > Gm is a morphism. Then after a 

finite etale base change tt : X > X ( taking a sufficiently high root of u) we get 

S{f o 7r)(T) — S[(uf ) o 7r)(T) and in particular 

(7.1) V'/077 = '0(u/)o7r- 

Suppose TT : X' — > X is a smooth morphism of smooth connected varieties. 
Then S'(/7r)(T) = ttq* S{f)(T) and in particular 

(7.2) ipf^ = 7ro*7/i/. 

For a natural number m > I we have and in 

particular 

(7.3) V/" =Ind('") V/- 

Proof. The first equality follows directly from Theorem 12.61 

For the second identity, note that £„(X') — > tt* £„(X) is a locally trivial fibra- 
tion with fiber A'"^, where d — dimX' - dimX. Therefore S'„(/7r) = 7ro*S'„(/). 

Finally, 

= Ind(™)^„(/). 
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□ 

Remark 7.4. Equality does not always hold before taking a base change. For 
example, let k = C Consider the open subvariety U G which is the complement 
of the zero locus of g{x) ^ + ax + b, where we assume that g has no multiple 
roots. On U x consider the functions f{x,y) = j/^ and u{x,y) — g{x). Then 
J.- ^ ^2 'x U e M'^ and ipuf = {i^ = u{x)} € M^j (set t = z^^ in Formula IT^ . 
Their images in A^c are not equal: They are distinguished by the Hodge character. 

We will need the following lemma later on to define a nearby cycle morphism. 

Lemma 7.5. Let X be a smooth connected variety and Y C X a smooth closed 

subvariety, let f : X > be a function on X. Let tt : Bly X > X be the 

blow-up of X along Y , let E be the exceptional divisor of the blow-up. Denote the 
inclusion Y ^ X by l and the inclusion E ^ Bly X by i! . Let g :— ft, f — fn 
and g' — f'i' . Then 

Proof. Note that if F C /~^(0) the claim follows from Remarks 12 . 51 and 12 . 71 Hence 
we may assume that Y is not contained in the zero locus of /. 

If /^^(O) is a simple normal crossings divisor which has normal crossings with 
Y, the same holds for /'~ (0) and E, and Formula 12.21 yields 

i'g = '-o*V'/ and V'g' = ''o*V'/'- 

Hence ipf — LQ\ipg = jo\jo*'>Pf, where j denotes the inclusion X — Y ^ X. Now 
Jo*'0/ = V'/jj hence ipf — LQiipg = jo\''Pfj and similarly for ipf — tpiV'g', thus the 
claim follows from the fact that tt is an isomorphism outside Y. 

In the general case we first choose an embedded resolution X^ of the zero locus 
of /. Denote the closure of the inverse image of F - /-^(O) by Y\ denote the 
function X^ — > X — > A^ by /I Now we choose an embedded resolution Y C X 
of y'' which is compatible with the zero divisor of /''. 

The situation is as follows: 




Here / ^(0) is a simple normal crossings divisor and has normal crossings with 
Y. Note that r induces an isomorphism outside the zero locus of /, hence in the 
diagram 

Bl^ X - - ^ Bly X 

TT 

X >x 
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the proper birational map induces an isomorphism outside the zero locus of /'. 
Thus we can find X smooth making 




commutative such that the closure E of the inverse image of E'— (/')~-'^ (0) is smooth 
and such that p and q are proper and isomorphisms outside the zero loci of /' and 
/' = /tt (we can take a resolution of singularities of the graph of ip and then an 
embedded resolution of the closure of the inverse image of — (/')^^(O)). We 
denote the inclusion E ^ X hyT, f'q by / and fZ by Ij. Furthermore we define i' 
as the inclusion E ^ Bl;> X and g' :— f'V. From the commutative diagram 




we conclude: 



— fQ'Xo\'4'g due to Remark 12.71 

'^oi'^oiV'j/ ~ T'oi'^oi^iV'g' due to the above discussion 

ro\Tfo\Po\'4'f ~ ro\Tfo\poW.^ due to Remark 12.71 
TToi'ZoiV'/ - T^o\qo'To\4'g 

T^a\ipf' ~ TJ'oi'-'oiV'g' due to Remark 12. 71 



□ 



Now suppose there is a good action of a finite group G on X which is transitive 
on the connected components of X and leaves / invariant. 

Hence we can regard S{f){T) as an element of A^^[[T]]. The transformation 
formula also holds in the equivariant setting (as an element oi g € G induces an 
affinc action over the base in the fibrations of the Key lemma 9.2 in [7] and on 
the A'^™^-bundle Cn+i{X) — > Cn{X)). Hence we get a formula analogous to 
Proposition 12 . 41 in the equivariant context if we choose an G-equivariant embedded 
resolution of the zero locus (where the summation runs over the orbits of finite 
subsets of irr E) . 

The /i-action on Cn{X) induced by fin commutes with the action of G and hence 
S{f){T) can be regarded as an element of and ipf as an element of 



M 



Gxp. 
Xo ■ 
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Also Theoreni l2 . 61 and Formula 1)2.2(1 have analogues in this context, if we choose 
an equivariant embedded resolution of the zero locus (from the intrinsic description 
of Ej it is also clear that \_\g^a/ stahdi) ^gi carries a G-action, where StabG(/) 
denotes the stabilizer of / in G). 

Lemma |7.5I and properties 17. 31 also hold in the equivariant setting. 

We can replace G by G x /l' and get the same identities as before. 

Remark 7.6. Suppose we are given a good free action of a finite group H which 
is transitive on the connected components on a smooth variety X. Suppose we 
have a i?- invariant function f on X. It then induces a function f on X ^ H\X. 
Furthermore £„(X) = H\ £„(X) and Sn{7) - H\Snif), hence 5(7)(T) = WW) 
(we extend the quotient morphism by T i-^ T) and in particular 

8. The nearby cycle morphism 

Let X be a (not necessarily smooth) variety over k, let f : X — > be a 
function. Let Xq := /~^(0). We want to define a nearby cycle morphism 

such that for a proper morphism tt : X' — > X we get Troi^'/Tr — ^'/tti and further- 
more in the case of a smooth connected variety X the image oi Ix is ?/'/• For this 
purpose we define f on Ko( Varx) first. 

Definition 8.1. Let p : Y ^ X he a proper morphism, where F is a smooth 
connected fc- variety. Then we set \['/([F]x) ■= Poi.H'fp)- 

Claim 8.2. The morphism is compatible with the blow-up relations (and hence 
well defined). 

Proof. Let p : Y — > X as above, let Z C y be a smooth connected closed subva- 
riety. Denote by tt : y' — > Y the blow-up of Y along Z, denote the exceptional 
divisor by E. Denote the inclusion Z ^ y by i and the inclusion E ^ Y' hy i'. 
Then we have 

*/([^]x) - */([^]x) = PO!^/p - (P0i0)!^/p. 

= iPo'^o)\i^fp7v - ipo'^Qi''o)\^fp7TL due to LemmaEHl 
= ^>fi[Y']x)~^fmx). 

□ 

Claim 8.3. The morphism is Ko( yarfc)-linear. 

Proof. Let W he a, smooth complete variety over fc, let p : y — > X be as above. 
Denote the projection W x Y — > Y by tt. Then 

^'/([VF X Y]x) = {pQ'n-Q)]tp fpTT = Po\T^o\K^fp due to Formula ((7^ 
= Po,{[W]i^fp)^[W]^fi[Y]x). 

□ 

Hence can be extended to an A^/j-linear morphism 
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List of properties 8.4. For tt : X' — > X proper we get ttoi^/tt = ^'/tti 
If t: : X' — > X is a smooth morphism, then f-^iT* ~ ttq*^/. 



// L : Xq ^ X denotes the inclusion, 5* * 



0. 



For a natural number m> 1 we get 5'/™ — Ind'™-* 

Dualizing and the nearby cycle morphism commute up to a factor: f — 

Proof. The first identity holds by construction of / . 

For the second formula, suppose that tt : X' — > X is a smooth morphism. Let 
p : Y — > X be a proper morphism, where y is a smooth variety over k. Let 




be cartesian. Then tt' is smooth, and p' is proper, furthermore 




is cartesian, too. We therefore get 



PqiT^'o* ififp due to Formula H7.2|l 



= TTo*PO,'lpfp = TT0*'^fi[Y]x). 

The third identity follows from the fact that 5(0) (T) = (see Remark 1^ . 
The last two identities follow from Formula l|7.3|l and Theorem l6.ll respectively. 

□ 

We can also define 5* / in the equivariant setting. Let G be a group of the form 
H X H' X fi\ where we assume that H acts freely and H' x /i' acts trivially on the 
base variety X. We assume that we have a G-invariant function / : X — > A^. We 
first get a K'q (Vark)- linear morphism 



^f.K'^iVarx) 



as before. 



Claim 8.5. Suppose K is a smooth variety, projective over X and that V — > Y is 
a vector bundle of rank n + I with a linear G-action over the action on X. Then 

*;([G O nV)]x) = */([P" X (G O Y)]x). 

Proof. Let v : V{V) — > Y be induced by the structure map of V. Denote the 
morphism Y — > X by p. We have 

= iPo'^o)\4'fp<^ = iPo'^o)\M*^fp due to Formula ^ 
= po!([IP"]^/'/p) due to Remark lO 

= r]vi/;([y]x) = ^/(r xr]x). 

□ 
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Hence induces a Kq ( Varfc)-linear morphism 
and an ^-linear morphism 

The first four identities of the List 18.41 also hold in the equivariant setting. We 
do not know the relationship between dualizing and the nearby cycle morphism in 
this context. 

Furthermore, from Remark l7.6l we conclude 

Proposition 8.6. Suppose we have a good G x H -action (transitive on the con- 
nected components) on the smooth variety X and a G x H -invariant function 

f : X > . Suppose that H is a finite group and acts freely. Denote the 

function induced on X = H\X by f. Then for A € M.'^^^ we have 

References 

[1] F. Bittner. The universal Euler characteristic for varieties of characteristic zero. 
|arXiv:math. AG/0111062 

[2] J. Denef and F. Loeser. Motivic Igusa zeta functions. J. Algebraic Geom., 7(3):505— 537, 1998. 

[3] J. Denef and F. Loeser. Geometry on arc spaces of algebraic varieties. In European Con- 
gress of Mathematics, Vol. I (Barcelona, 2000), volume 201 of Progr. Math., pages 327-348. 
Birkhauser, Basel, 2001. 

[4] J. Denef and F. Loeser. Lefschetz numbers of iterates of the monodromy and truncated arcs. 

Topology, 41(5):1031-1040, 2002. 
[5] W. Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics Studies. 

Princeton University Press, Princeton, NJ, 1993. 
[6] G. Kempf, F. Knudsen, D. Mumford, and B. Saint-Donat. Toroidal embeddings. I. Springer- 

Verlag, Berlin, 1973. Lecture Notes in Mathematics, Vol. 339. 
[7] E. Looijenga. Motivic measures. Asterisque, 276:267-297, 2002. Seminaire Bourbaki, Vol. 

1999/2000. 

Universitat Essen, FB6, Mathematik, 45117 Essen, Germany 
E-mail address: franziska.bittner@uni-essen.de 



